Aiming to suppress chatter vibration during machining of huge mechanical parts, dies, and molds, a design method for a damped arbor imbedded with a mass damper was devised. First, an analysis method coupled with Rayleigh's method was developed and used to calculate the stiffness of an arbor with a tapered hollow space for installing the mass damper inside. In the formulation of the vibrating system with two degrees of freedom, the displacement ratio is introduced for accurate calculation of the counter force of the damper mass. Then, the shape and size of the hollow space was optimized in order to maximize the negative real part of the compliance of the arbor. The proposed design method can increase the dynamic stiffness of the damped arbor with a hollow with the minimum reduction in its static stiffness. Furthermore, it is found that once the damper is optimized for the maximum length of an arbor in a certain design range, it can be applied to a shorter arbor without deterioration of dynamic stiffness. Finally, chatter noise and machined surface roughness measured experimentally proved that a damped arbor prototyped by the proposed design method has much higher cutting performance than a conventional one.
Introduction
In recent years, the efficiency of metal cutting process has been considerably improved in accordance with the increased feed speed of the machine tools and the improved performance of cutting tool materials. However, it is necessary to use long slender cutting tools in the case of machining deep cavities of large mechanical parts, molds and dies. When the cutting tool is long, chatter vibration due to the reduced stiffness of the tool is likely to occur. The chatter vibration causes the deterioration of the surface finish and the damage of cutting edges. Machining conditions such as spindle revolution speed and depth of cut, dynamic stiffness of the cutting tool and properties of work material significantly affect the chatter vibration.
As a means of suppressing chatter vibration, decreasing spindle revolution speed and depth of cut, and increasing dynamic stiffness of the machine tool, cutting tool, and work piece are effective. There are two ways to increase the dynamic stiffness of the structure: one is the increase in the static stiffness, the other is to improve damping behavior. Although it is difficult to increase the static stiffness because of the limitation in the size, the damping ratio of the structure can be improved by attaching a damper to the structure. Imbedding a tuned mass damper or viscous damper into a boring bar or ram of the machine tool was proposed and put into practical use (1) (2) (3) (4) . Furthermore, the optimal design and tuning of a dynamic damper for boring bars and end mills was also reported (5) (6) (7) (8) (9) . As a result of these researches, chatter suppression and highly efficient cutting became possible in the machining of deep holes or cavities.
On the other hand, it is desirable to change the length of cutting tools and cutting conditions from place to place in order to reduce total machining time because the depth of cutting position changes dramatically in the machining of giant parts. However, since preparing several tool arbors with different length leads to a cost increase, it is better to assemble a very long arbor by connecting modularized damped arbors. In this paper, a design method of a long slender arbor with high vibration absorption performance for machining deep cavity is reported. For this objective, an accurate analytical design method is investigated by introducing displacement ratio of the end of the arbor and the center of gravity of mass. Furthermore, the relationship between the geometry of a damper and damping performance are also studied as well as the tuning method of the damper when the arbor is used in various lengths.
Modeling of vibration system of damped arbor

Model of damped arbor
As shown in Fig.1 , chatter stability is affected by the dynamic stiffness of cutting tools, cutting conditions, material property of workpiece, and so on. A block diagram of the system representing self excited chatter vibration of a cutting process is shown in Fig. 2 (10) .
According to the diagram, the initial uncut chip thickness which is determined by cutting conditions is input into the system and converted to a cutting force. The cutting force causes tool displacement which affects both an instantaneous chip load and chip load at the next cutting with a time delay. A model of a typical damped arbor, composed of a mass damper inside a hollow space close to the tool side end, is shown in Fig.3 . The mass damper can increase the dynamic stiffness or decrease the compliance of the structure, resulting in the decrease in the displacement. The arbor body is assumed to be a single degree of freedom system with the mass m 1 , stiffness k 1 , and damping coefficient c 1 . A weight of mass m 2 inside the hollow is connected with the body by a spring k 2 and an attenuator with the damping coefficient c 2 . The damped arbor is thus regarded as a vibration system with two degrees of freedom as indicated in Fig. 4 , where f 1 is the cutting force component acting on the tool arbor in the principle vibration direction, and x 1 and x 2 are the displacements of the arbor body and the mass installed inside the hollow space, respectively. 
Optimization of a mass damper for a damped arbor with generalized profile
A straight arbor body with a tapered hollow space, a generalized shape of the arbor to be optimized in this study, is shown in Fig.5 . 
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The left end of the arbor with length of l s represents the contribution of the spindle and tool holder to the vibration system and static displacement. Its length, Young's modulus E s , and density ρ s are determined in a later section. For numerical analysis of vibration of the arbor, the body and the additional body are divided into n disk elements. As shown in the figure, the i th element at a position z i from the fixed left end has an outer diameter D i , inner diameter d i and thickness Δz. Its weight w i and geometrical moment of inertia I i are expressed as follows; 
where ρ a is the density of the arbor body. Moment M i , bending angle increment Δθ i , and deflection u i at position z i for a vertical static force P applied to the right end of the arbor expressed as
and
where L is the length of the arbor including the additional body and a cutter. Young's modulus E i = E s for 
By using Rayleigh's method, the modal mass m 1 is given by the following equation.
In contrast, k 1 = P/u n . Although the mass m 2 is connected to the arbor in both ends, it is assumed to be connected to only the m th element at position z m = mΔz which is the center of gravity of the mass in order to treat the vibration system to be 2 degrees of freedom system as shown in Fig. 6 . Then, the displacement of the m th element is
Let α denote the ratio of the displacement at the connected position to the mass u m to that at the end of tool arbor u n ;
.
Then, the equations of the motion are expressed as follows; 
This equation is then expressed in a formulation
( 1 4 ) where the compliance of the vibration system is given by
).
Here damping coefficients c 1 and c 2 is given by; Before the optimization, some sizes associated with the arbor were determined in advance as shown in Fig. 7 . The length and diameter of the damped arbor are 400 mm and 47 mm, respectively. The former includes the length of the additional body 50 mm and that of the milling cutter 50 mm. In the hollow space, both ends of the mass are supported by 10 mm-thick elastic material. The radial gap between the tool arbor and the mass is 1mm. Let l 1 , d a and d b denote length of the hollow space, hollow diameter at the tool side end and hollow diameter at the tool holder side end, respectively. The material of the mass is cemented tungsten which has a high density of 16×10 3 kg/m 3 . First, Young's modulus and density of the additional body were determined so that the maximum amplitude and natural frequency calculated for a solid arbor were consistent with measured results. Then, stiffness k 2 that minimizes the maximum negative real part value of
Mass the compliance R n_max was obtained for a particular length of straight hollow space, l 1 = 150 mm and d a = d b = 36 mm. Next, the length and diameters of the straight and tapered hollow spaces were optimized by using the optimized stiffness of supporting rubbers k 2_opt . As a method for optimal design of a two degrees of freedom system, the fixed point theory is usually used to minimize the maximum absolute value of compliance φ max (11) . However, the conditions for maximizing the chatter free depth of cut are different from the conditions for minimizing φ max . As factors of self excited chatter vibration, regenerative chatter (12, 13) and mode coupling (14) (15) (16) (17) are known. In this research, chatter suppression performance is assumed to be evaluated by maximum negative real part value of the compliance by average tooth angle approach (18) in order to establish the optimal design method of damped tool arbor.
Therefore, two strategies are applied for optimizing the geometries of the hollow space: (1) to minimize the maximum negative real part value of the compliance R n_max , which determines the unconditional chatter free depth of cut, and (2) not reduce the static stiffness of the damped arbor k s by more than 5% compared with the solid arbor of the same length and diameter. The latter is adopted for not deteriorating the machining accuracy unexpectedly under chatter free machining conditions.
Experimental configurations
Chatter suppression performance of prototyped damped arbor was experimentally evaluated. In this experiment, cutting sound and roughness of the machined surface was measured when the block material of 0.5%C carbon steel (JIS S50C) is cut using a solid arbor and prototyped damped arbor as shown in Fig. 8 . The dynamic stiffness was measured at the end of the tool by impact hammer test as shown in Fig. 9 . Total length of cutting tool is 400mm, spindle revolution speed is 636min -1 , feed speed is 2,544 mm/min, and radial depth of cut is 30 mm in down milling. These test configurations are listed in Table. 1. As shown in Fig.8 , conventional undamped tool moved in inclined direction as the axial depth of cut increases from 0 mm to 0.8 mm along the work piece length 250 mm although that of prototyped tool is 0 mm to 1.5 mm. 
Analytical and experimental results
Cylindrical hollow space
In order that the maximum amplitude and natural frequency agree with the measured results, material properties of the spindle and tool holder are given artificially. In this research, the material property of the 50 mm area of the spindle side of the arbor such as Young's modules E s , density ρ s , and damping ratio was tuned. First, the static compliance of the solid arbor, which has the same geometry as the objective arbor (diameter 47 mm, length 400mm including cutting tool) was identified. Static compliance was calculated from the displacement at the end of the arbor when static force was loaded as shown in Fig. 10 . The static compliance which is measured by at the end of the arbor was 4.39×10 -6 m/N. The dynamic compliance of the solid arbor is shown in Fig. 11 . As shown in this figure, the compliance at low frequency corresponds to the static compliance which is expressed as 1/K s where K s is static stiffness. In order that the static compliance and natural frequency agree within 5% error, it is assumed that the element in an area with length of 50 mm at the end of machine tool side has Young's modulus 1.9×10
2 MPa and density 2×10 11 kg/m 3 . Damping ratio is assumed to be 0.04 in order that the absolute value of the amplitude agrees with the calculation results within 5% error. The relationship between spring constant k 2 and R n_max (k 2 ) is shown in Fig. 13 . This figure indicates that the minimum value of R n_max (k 2 ) is given at a spring constant of 2.02×10 6 N/m. It is confirmed that the value of k 2 that minimizes R n_max is quite different from that which minimizes φ min . According to Fig. 13 , the optimum spring constant k 2_opt is 2.02× 10 6 N/m, which is used in the calculations described below. Misalignment of the center of arbor and mass causes the unbalance of the mass during arbor revolution, and it may affect the natural vibration and forced vibration of the arbor. When the spindle revolution speed is S=636 min -1 , oscillation frequency due to the unbalance is around 11 Hz. Since it is very small compared with the natural frequency of the arbor indicated in Fig. 11 , effects of the unbalance on the natural vibration of the arbor is very small. Unbalance mass m u is expressed as; where r a is the radius of the mass and e is the distance of the center of arbor and mass. If the inner diameter of hollow space is d a =36 mm, outer diameter of the mass is r a =17 mm since the gap between hollow space and mass is 1 mm. If the unbalance is e=1 mm, Eq.17 derives m u = 0.102 kg. Centrifugal force F u due to the unbalance of the mass is expressed as ;
The spindle revolution speed S=636 min -1 derives F u =0.45 N which is considered to be very small compared with cutting forces. Thus, the effects of the misalignment of the center of arbor and mass is assumed to be negligible in this configuration.
Maximum negative real parts of compliance and the static stiffness of damped arbors containing hollow space with different lengths and inner diameters are shown in Figs. 14 and 15 respectively. A horizontal line indicating K s_th =1.9×10 6 N/m, the threshold of static stiffness, is shown in Fig. 15 . It is found that inner diameter d a has positive and negative influences on the damping performance and static stiffness, respectively. The damping performance of damped arbor R n_max is improved for a given d a as length l 1 increases up to a value around l 1 = 6900/d a , at which R n_max takes the minimum value. In contrast, the static stiffness decreases with l 1 monotonously. The optimum sizes of d a and l 1 for a cylindrical hollow space were found to be 36 mm and 150 mm. Journal of Advanced Mechanical Design, Systems, and Manufacturing 
Tapered hollow space
The relationships between R n_max −K s in the case of the tapered and straight hollow spaces for three different values of l 1 are compared in Fig.16 . A vertical line for the threshold of the static stiffness is also shown in each graph of Fig. 16 shows that the optimal point for the straight hollow space indicated by a triangle is very close to that for the tapered hollow space. Therefore, the damped arbor with the optimum shape of the straight hollow space with diameter of 36 mm and length of 150 mm is called the optimum damped arbor hereafter and used in the experiments and analysis described below. It should be noted that if the threshold for the static stiffness is higher than the value set in this study, a tapered hollow space must be adopted because the gap of compliance between the two types of hollow space is large. 
Dynamic stiffness of modular dampers for varying lengths of arbor
In general, since a short tool has a high stiffness and high chatter stability, a tool as short as possible is recommended, especially in machining of deep pockets, deep cavities, and deep grooves. Thus, it is preferable to change tool length according to the work piece depth if possible. However, preparing many damped arbors with different lengths for a single giant product leads to an incredible increase in machining cost. For cost reduction, the damped arbor of particular length L b and the solid arbor of particular length L a with a BT tool holder should be standardized. This standardization makes it possible to make a very long tool of length L a +L b easily by combining the standardized arbors, as shown in Fig. 17 . Since the stiffness of the tool arbor changes with its total length, the optimal values of the stiffness and damping coefficient of the attenuator must be changed in the case of a long combined arbor. Thus, a damper applicable to a wide range of arbor lengths has to be designed to avoid difficult tuning of the dynamic behavior of the damper. For this reason, the compliance of an arbor of length L with the optimized damper is compared with that of an arbor of length L but with a damper optimized for the maximum or minimum arbor length in a design range L max or L min . In this analysis, arbor length L is set to 300, 350 and 400 mm whereas maximum arbor length L max is set to 400 mm and the minimum arbor length is set to L min 300 mm. In each condition, hollow space of the damped arbor is set to constant value l 1 =150 mm and d a =36mm respectively, and the mass is m 2 =1.74 kg. 
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Vol. 7, No. 2, 2013 are constant which are the optimal value for total length L = 400 mm. The maximum negative real part shows only a little deterioration, even if the damper is optimized for the maximum arbor length L max = 400 mm. On the other hand, when the damper is optimized for the minimum arbor length L min = 300 mm, the minimum negative real part increases dramatically as shown in Fig. 19 meaning that the designed arbor would lose chatter stability. Red curves in this figure indicates the compliance for the length L=350 and 400 mm when the stiffness and damping ratio are k 2 = 5.30× 10 respectively which are the optimal for L = 300 mm. These results prove that once the damper is optimized for the maximum length of an arbor in a design range, the optimized damper can be applied to a shorter arbor with only a little deterioration of chatter stability. Therefore, if the damped arbors are standardized and combined to form a longer tool, the damper must be optimized at the longest configuration. Fig. 18 Compliance of the tool which is optimized where total length is 400 mm. Fig. 19 Compliance of the tool which is optimized where total length is 300 mm. Compliance(real part) (m/N) 0 Compliance(real part) (m/N) 0
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Dynamic stiffness of prototyped tool
To validate the design method and evaluate cutting performance, a damped tool with a straight hollow space with l 1 = 150 mm and d a = 36 mm, which had a total length of 400 mm including the length of the milling cutter 50 mm, was designed and prototyped on the basis of the results described above. A view of the prototyped tool is shown in Fig. 20 . The outer diameter of the straight part of the arbor is 47mm. The spindle side end of the arbor is gripped by a milling chuck. The real part of the compliance measured for the tool, as well as that calculated for a designed model, is indicated in Fig. 21 . The gap between the two lines takes a maximum at a frequency of around 220 Hz. This result may be attributed to a fact that the model of damper structure is too simplified. Nevertheless, it shows that the minimum negative real part of the compliance near the natural frequency calculated for the design model is quite consistent with that measured for the prototyped tool. 
Milling test results
The output voltage of the noise meter in cutting tests when machining with a conventional tool and the prototyped damped tool is shown in Fig. 22 . The voltage of cutting sound increased with cutting time or depth of cut. It is seen that the cutting sound radiated from the prototyped damped tool is much weaker than that from the conventional tool, although the depth of cut for the prototyped damped tool is always twice as large as that for the conventional tool. The changes of the spectrum of the cutting sounds shown in of Fig. 22 are shown in Fig.  23 . The spectrum of cutting sound from the conventional tool shows a large peak around 200 Hz, which is close to the natural frequency of the undamped arbor. In contrast, the increase of the spectrum for the prototyped tool is small compared to the conventional one. The top view and roughness of the surface machined with the conventional tool and the prototyped damped tool are shown in Figs. 24 and 25, respectively. The surface finish was measured along three lines, A, B and C: line A is the moving line of the center of the cutter, and lines B and C are 5 mm and 10 mm offset from line A, respectively. The surface roughness was evaluated according to ten point height of irregularities, Rz. The surface roughness was very large from the beginning of cutting and increased constantly with depth of cut when machining with the conventional tool. The surface roughness for the conventional tool was twice to three times larger than that for the prototyped damped tool if the depth of cut was the same. It is therefore, concluded that the designed damped arbor can improve surface roughness significantly. 
Discussion
Analysis method for dynamic stiffness of damped arbor
In the proposed analysis of dynamic stiffness coupled with Rayleigh's method, mass m 2 is assumed to give a counter force at the center of gravity of it. Thus, the amplitude ratio was introduced to the equation of motion, namely, Eq. 10 and Eq. 11. The calculated compliance with and without the amplitude ratio taken into consideration are compared in Fig. 26 . If the amplitude ratio is not considered, the mass is assumed to be connected to the end of the tool arbor, and, thus, gives a larger counter force and smaller value of the maximum negative real part than when connected at the center of gravity. Namely, the proposed calculation method gives a better prediction of compliance. 
Effects of the dimension of hollow space on compliance of the damped arbor
In regard to bending vibration of an arbor body, kinematic energy is a maximum at the tool side end, whereas it is a minimum at the tool holder side end. In contrast, bending moment is the minimum at the tool side end whilst it is the maximum at the tool holder side end. For this reason, the tapered hollow space can reduce kinematic energy more than the straight one, but the reduction of the static stiffness is smaller for the hollow space than for the straight one when the volumes of both types of spaces are the same. These results can be seen in Fig. 16 . Note that a tapered hollow space with d a = 40 mm and d b = 32 mm has the same volume as a straight hollow space with d a = 36.2 mm.
Dynamic stiffness of modular damper for varying length of arbor
Maximum negative real part of dynamic compliance of an arbor with total length L = 300 mm and L = 400 mm when the spring constant of the mass support was changed is shown in Fig. 27 . The optimal spring constant is k 2_opt = 5.3×10 6 N/m for L = 300 mm and k 2_opt = 2.1×10 6 N/m for L = 400 mm, respectively. When the spring constant of the L = 400 mm arbor is 5.3×10 6 N/m which is the optimal for L = 300 mm, maximum negative real part R n_max for an arbor with L = 400 mm indicates severe deterioration of R n_max . that of L = 400 mm. This result indicates that the effect on the maximum negative real part is small when the spring constant is smaller than the optimal value. But when the spring constant is larger than the optimal value, the change of the spring constant affects large influence on the maximum negative real part. Therefore, the damper optimized for the maximum length of arbor in a design range can be applied to shorter arbors with negligible deterioration of dynamic stiffness.
Milling performance of damped arbor
The damped arbor designed by the proposed method showed improved performance compared with the conventional arbor. Change in RMS (Root Mean Square) of the measured voltage of sound with depth of cut is shown in Fig. 28 . The maximum RMS value of cutting sound for the designed damped arbor is only 0.15×10 -7 V 2 at depth of cut of 1.5 mm. This value is the same as that just after the beginning of cutting at depth of cut 0.16 mm for the conventional arbor. Surface roughness is plotted against depth of cut in Fig.29 for the cases of machining with the conventional arbor and designed damped arbor. When the permissible surface roughness (Rz) is set to Rz < 50 μm, depth of cut is limited to 0.2 mm for the conventional arbor, while it is 1.2 mm for the designed damped arbor. It is therefore, concluded that the designed damped arbor can improve the machining efficiency 6 fold by suppressing chatter vibration. 
Conclusions
Aiming to improve cutting performance and suppress chatter vibration during machining of large mechanical parts, a design method for a mass damper imbedded tool arbor was investigated and tested. In this investigation, first, a method for calculating the dynamic stiffness of the damped tool arbor was devised. The design method was then applied to a prototype of the designed damped arbor, and the cutting performance of the prototyped arbor was evaluated by milling tests. These tests revealed the following four key results. 1) A calculation method of dynamic stiffness coupled with Rayleigh's method was proposed for a damped tool arbor which has varying outer diameter and inner diameter. The compliance of a damped arbor can be predicted accurately using the amplitude ratio. 2) A tapered hollow space improves both the dynamic and static stiffness of the damped arbor compared with a straight hollow space when their volumes are the same. 3) The damper optimized for the maximum length of arbor in a design range can be applied to shorter arbors with negligible deterioration of dynamic stiffness. 4) Measured cutting sound and machined surface roughness indicate that the prototyped damped tool arbor has much higher cutting performance than the conventional arbor.
